ASYMPTOTICS FOR RANK AND CRANK MOMENTS 
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Abstract. Moments of the partition rank and crank statistics have been studied for their connec- 
tions to combinatorial objects such as Durfee symbols, as well as for their connections to harmonic 
Maass forms. This paper proves a conjecture due to Bringmann and Mahlburg that refined a conjec- 
^ | ' ture of Garvan. Garvan's conjecture states that the moments of the crank function are always larger 

than the moments of the rank function, even though the moments have the same main asymptotic 
term. The proof uses the Hardy-Ramanujan method to provide precise asymptotic estimates for 
rank and crank moments and their differences. 
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1. Introduction and statement of results 



The theory of partitions has long motivated the study of hypergeometric series and automorphic 
forms. A foundational example for the interplay between these fields is Euler's partition function 
p(n), which has the generating function 



oo oo 1 

(1.1) p( g ) := ^( n )^ = TT__ 



! n=0 n=l 

ON ' 1 A l A 

C\| ■ this coincides with q^/r](z) where rj(z) := q ' YY^Lifi ~~ Q n ) ^ s Dedekind's weight 1/2 modular 

form. On the other hand, many partition generating functions do not naturally appear in the 
theory of modular forms but rather in more general automorphic contexts, such as the theory 
of harmonic Maass forms. Ramanujan's famous mock theta functions are prime examples of this 
phenomenon [21J. As a result, the study of generating functions from partition theory has inspired a 
number of important results about mock theta functions and harmonic Maass forms [7l fTUl fT2l IT3] . 
Harmonic Maass forms are real analytic generalizations of modular forms, in that they satisfy the 
same transformation law and (weak) growth conditions at cusps, but instead of being holomorphic 
functions of the complex upper half plane, they are only required to be annihilated by the weight k 
hyperbolic Laplacian. 

Many of these modern results originated in Ramanujan's original results on the arithmetic of the 
partition function [HI [20]. Most famously, the three "Ramanujan congruences" state that for all re, 

(1.2) p(5n + 4) = (mod 5) 

p(7n + 5) = (mod 7) 

p(lln + 6) = (mod 11). 

In an effort to provide a combinatorial explanation of Ramanujan's congruences, Dyson introduced 
|15| the rank of a partition, which is defined as 

rank(A) := largest part of A — number of parts of A. 
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He conjectured that the partitions of 5n + 4 (resp. 7n + 5) form 5 (resp. 7) groups of equal 
size when sorted by their rank modulo 5 (resp. 7). Building on Dyson's observations, Atkin and 
Swinnerton-Dyer later proved Dyson's rank conjectures [6]. 

Dyson further conjectured the existence of an analogous statistic, the crank, that would explain 
all three congruences simultaneously. Garvan finally found the crank while studying g-series of the 
sort seen in Ramanujan's "Lost Notebook" [17], and together with Andrews presented the following 
definition [3]. Let o(A) denote the number of ones in a partition, and define fi(X) as the number of 
parts strictly larger than o(A). Then 



(1.3) crank(A) := 



largest part of A if o(A) = 0, 

/i(A)-o(A) ifo(A)>0. 



Works of the first and second authors show that both the rank and crank also play key roles in 
understanding the infinitely many other congruences for p{n) [HI [18]. 

It is more useful here to work with generating functions than combinatorial definitions. If 
M(m, n) and J\f(m, n) are the number of partitions of n with crank and rank m, respectively, then, 
aside from the anomalous case of A4(m,n) when n = 1, the two-parameter generating functions 
may be written as [31 [6] 

1 _ „n i _ t, . (_-] \n n(n+l)/2 



ra>0 



L^(l- xq n ){ l_ x -l q n ) (q)^^ 1-xtT 

(_l)« g ™(3n+l)/2 



R(x; q) := ^ Af (m, n)x m q n = ^ ^ 

n>0 

Although the final expressions for C(x;q) and R(x;q) appear quite similar, their analytic behaviors 
are markedly different. For example, if x ^ 1 is a fixed root of unity, then C(x;q) is essentially a 
meromorphic modular form [18] . whereas R(x; q) corresponds to the holomorphic part of a harmonic 
Maass form [12] . 

In addition to the importance of the rank and crank statistics in the study of Ramanujan's 
congruences, a number of recent works highlight the importance of the weighted moments of the 
crank and rank statistics. For example, Andrews obtained an elegant description of the smallest 
parts partition function spt(n), the number of smallest parts among the integer partitions of n, in 
terms of p(n) and A^(n) := ^ m m 2 A^(m,n). Andrews proved [T] that 

spt(n) = np(n) — —N2(n). 

Additionally, Andrews introduced Durfee symbols and some refinements in [2], which rely heavily 
on the intrinsic combinatorial connection between Durfee symbols and crank and rank moments. 
In joint work with Garvan, the first and second authors proved a variety of new Ramanujan-type 
congruences for "marked" Durfee symbols [10]. Finally, Atkin and Garvan's original study of rank 
and crank moments also had important applications to partition congruences [5]. 
For an integer k, define the &-th crank (resp. rank) moment as 



(1.4) M k (n) := ^ m k M(m,n), 

N k (n) := m k Af(m,n). 
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Both the crank and rank moments vanish when k is odd due to the symmetries of the statistics [5]. 
Let 

C k (q) :=J2M k (n)q n 

n 

R k (q) :=Y,N k (n)q n 

n 

be the generating functions for M k (n) and N k (n). As the generating functions C(x;q) and R(x;q) 
exhibit very different analytic properties, so do these generating functions. The first two authors 
along with Garvan [H [10] showed that while C k (q) is essentially a quasimodular form, R k {q) is a 
quasimock theta function, defined as the holomorphic part of sums of weak Maass forms and their 
derivatives. 

In this paper we focus on the unpublished observations of Garvan regarding the relative size of 
the crank and rank moments. 

Conjecture (Garvan). Let k > 1 be an integer. 

(1) As n — ► oo, we have M 2k (n) ~ N2 k {n). 

(2) For all n > 2, we have M 2k (n) > N 2k {n). 

Remark. Garvan's conjecture can be interpreted as stating that the distribution of the crank statistic 
is slightly "wider" than that of the rank, but not enough to affect the main asymptotic behavior. 
This is unexpected, as there is little about the combinatorial definitions of the crank and rank that 
suggest any close relations. 

A refined conjecture was given by the first two authors in |llj . 

Refined Conjecture (Bringmann-Mahlburg). Suppose that k > 1. 

(1) As n — > oo, 

M 2k (n) ~ N 2k {n) ~ a 2k ■ n k p(n), 
where a k S Q is non-negative. 

(2) Garvan's inequality holds for all n, and as n — > oo, 

D 2k (n) := M 2k (n) - N 2k (n) ~ (3 2k n k ~^ ■ p{n), 
where (3 2k € ^— Q is positive 

Remark. The second part of the conjecture is not a refinement of Garvan's conjecture, except for 
sufficiently large n. 

The first two authors proved this conjecture in the cases k = 2 and 4, and outlined a general 
procedure for calculating the main asymptotic terms of all crank and rank moments. However, this 
procedure did not generically imply that the main terms were equal, as the recurrences that relate 
cranks and ranks are quite complicated. 

In this paper, we prove the Bringmann-Mahlburg conjecture by computing explicit asymptotic 
expansions for the rank and crank moments. We adopt the standard notation B n (x) for the Bernoulli 
polynomials in the statement of the following result. 

Theorem 1.1. We have 

M 2k (n) = 7r£ 2fe (24n - l) k ~ z,i h /2 {y n ) + £fc(24n - l) fc ~ 5/4 /i/ 2 (yn) + O (n fc ~ 7 / 4 • n" 1 / 4 exp(y n )) , 

where 

y n := ^V24n- 1. 
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The constants are given by 

& k := (-l) k 2B 2k (l/2) and & k := -3(2fc)(2fc - 3)£ 2fc + £ 2fe , 
where £q ■= 0, and for k > 0, 

C' 2k :=-i(2fc)(2fc-l)6 fc -2. 

Remark. At x = 1/2, the Bernoulli polynomials evaluate to 5^(1/2) = {2 l ~ 2k — l) £? 2 fc, where B 2k 
is the usual Bernoulli number. In particular, we have that ^ 2k = 2(—l) k B 2k (l/2) > 0. 

e v 

Remark. Regardless of index, each Bessel function has the main asymptotic term I a (y) ~ — [!]■ 

Theorem 1 1 . 1 1 follows from a circle method argument and a recursive relation for the crank moment 
generating functions given in [5]. The key ingredient in studying the rank moment generating 
functions is Atkin-Garvan's "Rank-Crank PDE" [5], which we state precisely in Section [H This 
PDE is a recursive formula for the rank moment generating functions that involves triple products 
of crank moment generating functions. We use an asymptotic expansion for the coefficients of 
products of crank moment generating functions (see Section [3|) in order to deduce the following 
rank moment asymptotics. 

Theorem 1.2. For k > we have 

N 2k (n) =v\ 2k {2An - l) k ~ 3/4 I 3/2 (y n ) + A 2fc (24n - l) fc - 5/4 / 1/2 (y„) + O (n^ 1 ^ ■ n^exp^, 
where X 2k := £ 2k and 

' -3 • 2k(2k - 3)£ 2fc - \ 2k(2k - l)6fe- 2 k > 0, 



^2k : = 



k = 0. 



Combining Theorems 11.11 and 11.21 we obtain an asymptotic expansion for the difference of the 
rank and crank moments. 

Corollary 1.3. For any k > 1 as n — > oo we have 

D 2k (n) ~ X - ■ 2k{2k - l)£ 2fc _ 2 (24n - l) k ~^I 1/2 (y n ). 

Finally, the constants in the refined conjecture can now be computed using the fact that 

p(n) ~ 2^(24n - l)- 3 / 4 / 3/2 (y n ). 
Corollary 1.4. The Bringmann-Mahlburg conjecture is true, with constants 

a 2k = (-24) fe 5 2fe (l/2), 

(3 2k = — - 2k(2k - l)(-24) fc ^ 1 J B 2fc _ 2 (l/2). 

7T 

2. Crank Asymptotics and the proof of Theorem 11.11 

Here we prove a modified version of Theorem 11.11 which reflects the Bessel function indices that 
arise most naturally when using the circle method. 

Theorem 2.1. For k > we have 

M 2k {n) =7r6* • (24n - l) k ~ 3/A I 3/2 - 2k (y n ) + t' 2k • (24n - l) fc - 5/4 / 3 / 2 _ 2fc+ i(y„) 

+ 0fn fc - 7 / 4 -n- 1 / 4 exp(^ 
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Theorem 11.11 follows from Theorem 12.11 through a simple formula for shifting the indices of Bessel 
functions. 

Lemma 2.2. For I G Z, we have the relation 

h/2-2l(Vn) = hftiVn) - ^(24n - l)~ 1 ' 2 (2£)(2£ - 3)/ 1/2 (y n ) + O {rr x I_ 1/2 {y n )) . 
Proof. The total shift is the result of successive applications of the Bessel function relation [4] 

h-l{x) = —Ia(x) +I a+ l(x). 

X 

□ 

Proof of Theorem \2.1[ The idea of the proof is to find a recursive formula for the leading order 
constants, which we then solve explicitly with Bernoulli polynomials, thus obtaining formulas for 
the constants ^ 2k and £' 2k . We begin with Atkin and Garvan's recurrence for the crank moment 
generating functions in terms of divisor sums, found as equation (4.6) in [5], namely 

k 

(2-1) C 2k {q) = 2^ ^Z^MC^M 

Here we have denoted the j-th. divisor function by 

oo 
n=l 

where crj(n) := Yld\n ^ ^ s ^ ne J"^ n divisor sum. These functions can be written in terms of the 
classical Eisenstein series Ek(z) := 1 — -^-&k-i((l), as 

**-l(«) = ~ 

We next use the Hardy-Littlewood circle method, amplifying the arguments used in [TT]. Let 
q := e~ 2lTZ with Re(z) > 0, qi := e~~ . Then we have the transformation laws 

(2.2) E k (q) = (iz)- k E k { qi ) if k > 2, 

E 2 (q) = (iz)- 2 E 2 { qi ) + —. 

TTZ 

In general, suppose that we wish to estimate the coefficients in an expression of the form 

(2.3) E a W = cP ^)^ + -' 

n 

where c is a constant and g(q) has a holomorphic q-series expansion 

n>0 

Then the asymptotic contribution to a{n) due to the term displayed on the right side of (12. 3ft is 

c-2^(24n- 1)5-1 Js_ fc (y n ). 
This immediately implies the following recursive result. 
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Lemma 2.3. Suppose that G(q) = ^c(n)q n = P(q)E 2 k(q), where E 2 k(q) ■= E 2ai {q) • • • E 2ar (q) 
has total weight 2k = 2a± + • • • + 2a r . Then the coefficients c(n) have an asymptotic expansion of 
the form 

c(n) = vra(24n - l) fc - 3 / 4 / 3/2 - 2fe (y„) + a'(24n - l) k - 5 / 4 I 5/2 _ 2t (y n ) + O (n fc - V") 
for some constants a and a'. Furthermore, the coefficients of G(q) ■ E 2t {q) =: ^2c 2t (n)q n satisfy 
c 2t (n) = 7ra(-l) t (24n - if'^ I 3/2 _ 2k _ 2t (y n ) 

+ (a'(-l)' + 5 t=1 ■ 6a)(24n - l) fc - 5/4+t / 5/2 _ 2fe _ 2t (y n ) + O (n fc - 2 +V") . 
We apply this lemma to the crank moments by first "unwinding" (|2.1j) to obtain the formula 

(2.4) C 2k (q) = 2P(q) ■ £ a ai , a2 ,.. ,a k ^>i(q) ai ^(q) a2 • • • ^2k-i(qf k 

a\+2a2-\ \-kak=k 

for some integer constants a. After rewriting in terms of Eisenstein series, Lemma \2~3\ now applies 
to each term in (12.41) . which implies the existence of the asymptotic expansion in Theorem 12. 1[ 
Furthermore, (|2.ip and Lemma [2.31 then also immediately imply the following recurrence: 

(2.5) &*=2x:( 2 2 *: i i )^(-iF + ' {2i _ 2j . 

Similarly, we may deduce the following recurrence for £ 2fc , 

(2-6) & =2 £ Q* : J) ^(-l)^e 2fe - 2 ; - 2(2k - l)f 6^ 

- 2 Z.( v 2 i _lJl7 ( - 1) 2~ 

We solve both of these recurrences by using the Bernoulli polynomial identity 

(2-7) E g Z J) ^^«(l/2) = -\B 2k (l/2). 

This is a specialization of the general convolution sum 




which can be found (along with other relevant formulas) in [14]. The fact that B n (l/2) = for all 
odd n implies that our formula (|2.7|l is equivalent to the case x = 0, y = 1/2. Applying induction 
to (|2.5p and (|2.7p and using the base case £o = 2 gives the claimed formula for £ 2k . 

To obtain the formula for £ 2fc , note that ( 2 jl|) = ^J^k-^l-i) ( 2 j-i) • Now the recurrence (|2.5|) 
inductively implies that the claimed formula for £ 2fc is correct, as the right side of (12.61) evaluates to 
1 fc-i 
--{2k- l)(fc-l)^2 
i=i 

= - -(2*; - i)(fc - i)c 2(fc -i) - ^ 2 ; 6fc- 2 = ~2^(2fe - 1)6^-2 = ek- 



/2fc-3\5 2j +1 (2fc-l) 
I 2j - 1 J 
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□ 



We note for later purposes the identity 



k-l 



3. ASYMPTOTICS FOR PRODUCTS OF CRANK MOMENTS 

The rank-crank PDE (see equation (14. lh ) gives a recurrence for the rank moment generating 
functions that involves the triple products 

(3-1) C 2a (q)C w (q)C 2l {q)P(q)- 2 = : £ M 2a ^(n)q n 

n 

for a, (3, 7 > 0. In this section we will deal with the asymptotic evaluation of M 2oL ^^ 2l {n). 
Theorem 3.1. // a + (3 + 7 = k, then 

M 2a>2/3 , 2 » = < 2Q)2/3 , 27 (24n - l) fc - 3/4 I 3 / 2 _ 2fc (y„) + 4*,2,3,2 7 (24n - l) k - 5/i I 3/2 - 2k+l (y n ) 
+ 0(n h - 7 ^-n- 1 / 4 eMyn)), 

with 60,2/3,27 := 5606/367 and 

?2a,2/3,2 7 := T (£206/367 + 6o£ 2( g6 7 + 6o6/3£ 27 ) • 

We again use Lemma [231 to shift the indices for easier comparisons. 

Corollary 3.2. The asymptotic expansion of the triple crank product is given by 

M 2a ^ 2l {n) = 7r6a,2/3,2 7 (24n - l) fc ~ 3/4 I 3/2 (yn) + 6o,2/3,2 7 (24n - l) k ~ 5/A h /2 (y n ) 
+ 0(n fc - 7 / 4 .n- 1 /4 e xp(y n )), 

where 

6a,2/3,2 7 := -3(2fe) (2/c - 3) 6a,2/3,2 7 + £ 2a , 2 /3, 2r 

Proof of Theorem \3 . 1[ Using (|2.ip for each term in the product of C 2a C 2 pC 2l P~ 2 as well as a minor 
modification of Lemma 12.31 we obtain the recursion 

(3.2) 6o,2/3,2 7 = ~ 2 3 ^ 

l<j<a 
l<i</3 
1<£< 7 

Induction and three applications of the recurrence (12.5(1 shows that 60,2/3,27 = 3606/367 is the 
unique solution to (|3.2p . 



/2a - 1\ /2/3 - A /2 7 - 1\ B 2j B 2i B 2 , +J+ , 

I 2 j - 1 J U - 1 J U - V } ^-2,,2/3- 2l ,27-2£. 
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We next turn to £ 2a 2 p 27 ■ Following similar arguments as those that led to the recursion for £' 2k , 
we obtain 

p , _o V- (**-\\m-\\ (2 7 -l\B 2j B 2i B 2e i+j+£+3 / 

4 2Q ,2/3,2 7 "^2^ \ 2 j -l)\2i-l)\2l-l) j ^a-2j,2P-2i^-2e 

i<i</3 

l<£<-y 



+ 8 ^ { 2i _ 1 J 6 -!-!^^ 1 ) 60-2,2/3-2,27-2, 

l<i</3 V 7 V 7 
1<£<7 

/2a -IV 72 7 -i\ B 2i B 2 B, +£+3 

+ 8 ^ } U-V ¥T¥ (_1) 6o-2;,2/3-2,2 7 -2, 

1<£<7 

/2a-l\/2/3-l\ B 2j B 2i B 2 i+j+3 

l<i<a V J 7 V 7 J 

l<i</3 

Again using the formula £20,2/3,27 = 1606/367 and (12. 5|) . we may simplify the second line (and 
analogously the third and fourth) as 

2(2a-l) £ _ _ (W~l\B 2l{ lWt ^ f ^ (2 1 -1\B 2 
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l{ . 60-26/367 — 7^206/367- 



This yields the following recursion for £' 2a 2 p 2l 

42o,2/3,27 -» 2^ \2j-lJ\2i-lJ\2e-l) Aj 4i } 42o-2i,2/3-2i,27-2^ 

l<j</3 
1<£<7 

+ 4^^06/367 + ^60^/367 + ^606/3^27- 

Our claimed formula £20,2/3,27 = 1(^206/367 + 60^/367 + 606/3^7) solves this recurrence, as using 
(|2.5|) and (12. 8|) to evaluate the right side of (|3.3p gives the expected result: 

\ i 1 ~ a) ^"6/367 + \ fl - 7j) 60^/367 + ^ f 1 - ^) 606/3^7 

+ 7^206/367 + 7^60^2/367 + ^606/3^7 

= 7 (^206/367 + 60^/367 + 606/3^7) = C2o,2/3,2 7 - 



□ 



4. Rank Asymptotics 



In this section we prove the asymptotic expansion for N 2 k(n) given in Theorem 11.21 In order to 
relate the rank moments to the crank moments that we have already calculated, we use Atkin and 
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Garvan's rank-crank PDE, which states that 
fc-i 



E (T) E ( 2 l k 20 2 L )cMC 2p ( q )C 2 ,( q )P( q )-* - 3(2— - l)C 2{q) 



i=0 v 7 2«+2/3+27=2fc-2i 
Q,/3,7>0 



(4.1) =\{2k - \){2k - 2)R 2k {q) + 6^T (f) (2 2i ~ 1 - l)5 q (R 2h ^,(fi)) 

i=i ^ z ' 



' 2/.- \ 



i=l 



where <5 g := g^-. We once more argue inductively in order to find recurrences for A 2 ^ and \ 2k as 
defined in Theorem 11.21 

Proof of Theorem \l.Sl The rank-crank PDE and Theorems 11.11 and 13.11 inductively imply that there 
is an asymptotic expansion for the rank moments of the form 

N 2k (n) = vrA 2fe (24n - l) k ^% /2 ^ k (y n ) + A' 2fc (24n - l) fc - 5/4 I 3/2 _ 2fc _i(yn) + O (n k ~ 2 ^ 

Lemma [2.21 then implies that 

N 2k (n) = vrA 2fc (24n - lf /4 I 3/2 (y n ) + A 2fc (24n - l) k - 5/4 I 1/2 (y n ) + O (n fc - V" 

with A 2fc := -3(2fc)(2fc - 3)A 2fc + X' 2k . 

The only terms that contribute to the leading order on the crank side of (14.11) are 

( 4 - 2 ) E ( 2 a,2A2 7 ) 6a < 2 ^ 



while the only terms contributing to the main term on the rank side of the equation are 
(4-3) A 2fc + o -A 2fe _ 2 . 



2 J V 2 / 4 

We can now show inductively that A 2 fc_ 2 = £, 2k - 2 . Indeed, adding the terms from (|4.2p and (|4.3j) 
and using the formula for £20,2/3,27 shows that the claimed equality is equivalent to the triple product 
summation 

E ( 2 aZ,2^ B2a{1/2)B2p{1/2)B ^ {1/2) = CV 1 ) B2k{1/2) ~ ( 2 2 fc )^2 fc - 2 (l/2). 



Like (|2.7p . this is also a specialization of a general Bernoulli polynomial identity that can be found 
in [H]. As a consequence of the equality between £ 2k and A 2 fc, we now have 

^ / 2k \ (2k - 1\ (2k\ 1 

(4-4) ^ [2^2(3,2^ ^ 2 ^={ 2 J 6 * + ^ 2 J i 6 *" 2 ' 

We next consider the second leading term. Using similar reasoning as above, we equate the terms 
of second highest order from (|4.1|) . obtaining 



(4-5) £ ( ^ j6a l2A 27 = ( 2A; 2 1 jA 2fc + ( 2 2 fc )i A 2^2. 
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Expanding the left side of (|4.5j) gives 
(4.6) 



(2k \ ~ ( 2k \ 

2a, 2(3, 2 7 J i2a ^ = £ \2a, 2/3, 2 7 J ( " 3 ' 2k {2k " 3) + *Wr) 



o+/3+7=fc v 17 Q+/3+7=fc 

The first term of (14. 6p can be evaluated using (|4.4p : 



-3 • 2k (2k - 3) J2 ^ ( 2a> ^ ^ C2Q)2A27 = - 3 ■ 2Jb (2fc - 3) ( ( 2fc " 6* + ^-2) 

(4.7) = -|(2fc)(2fc - l)(2fc - 2)(2k - 3)6* - ^{2kf{2k - l)(2k - 3)6fc- 2 , 

and the second term of (14.61) is 



j£_ k ( 2 «, 2A 2 7 ) = I Q+ ^ =fc ( 2 a, 2 A 27) + Sto&f&r + 

= \ Yl ( 2a , 2^, 27) ("Z^ 2 " " ^-a^&r - ~(2/?)(2/3 - 1)6.6/3-267 



Q+/3+7=fc 

(4-8) -^(27) (27 " 1)6^2/367-2) • 

After using the identity ( 2a ^ 27) (2a) (2a — 1) = 2k(2k — 1) ( 2a _^ 2 2 # 27 ) (with similar analogues for 
(5 and 7) and making a shift of indices, each of the three terms of (14.8(1 become alike. Using the 
definition of 60,2/3,27 this gives a total of 



, n 3. , w . ( 2k -2 \ 

(4.9) - i( »)(a-i) £ ( 2a , 2A2 >^ 



a+/3+7=fc-l 

3 . w , J (2k-Z\ (2k-2\\ 
--(2k)(2k-l)U 2 J6*-2+f 2 J 7 6 fc -4 

-|(2fe)(2fc - 1)(2* - 3)(2fc - 4)6 fc -2 - ^(2A;)(2fe - l)(2fc - 2) (2* - 3)6fc-4- 



Combining (14. 7j) and (14. 9|) gives 



a+/3+7=fc 



^(2A;)(2fc - l)(2As - 2)(2k - 3)6fc- 2 - j|(2fc)(2A; - l)(2fc - 2)(2fc - 3)& fc _ 4 . 



It is now easy to see that the expression 

X 2k = -3 • 2k(2k - 3)6* - ~2A;(2fc - l)£ 2fc _ 2 
from the theorem statement is the unique solution to (|4.5|) . □ 
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